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TURBULENT M I X I N G  OF THREE C O N C E N T R I C  

REACTING JETS 

P a r t  I 

By B e v e r l y  J .  Audeh 
Heat Techno logy  L a b o r a t o r y ,  I n c .  

SUMMARY 

An a n a l y t i c a l  method i s  o u t l i n e d  f o r  t h e  c a l c u l a t i o n  

of m i x i n g  and  c o m b u s t i o n  c h a r a c t e r i s t i c s  of a r o c k e t  e x h a u s t  

j e t  w i t h  t u r b i n e  g a s e s  e x h a u s t i n g  p e r i p h e r a l l y  a b o u t  t h e  

n o z z l e  e x i t  and  w i t h  a s u r r o u n d i n g  e x t e r n a l  a i r  stream. T h i s  

a n a l y t i c a l  method i s  c u r r e n t l y  b e i n g  programmed on  a d i g i t a l  

c o m p u t e r .  

I N T R O D U C T I O N  

The e x h a u s t  q a s e s  of f u e l - r i c h  l i q u i d  p r o p e l l a n t  r o c k e t s  

u s u a l l y  u n d e r g o  an  a f t e r b u r n i n g  s e c o n d a r y  c o m b u s t i o n  p r o c e s s  

upon m i x i n g  w i t h  t h e  e x t e r n a l  flow. 

e n h a n c e d  by t h e  a d d i t i o n  o f  f u e l - r i c h  eases f rom t h e  t u r b i n e  

d r i v e n  pumps e x h a u s t i n g  a r o u n d  t h e  h o t  g a s e s  l e a v i n g  t h e  expan-  

s i o n  n o z z l e .  

The a f t e r b u r n i n g  i s  

The t u r b u l e n t  m i x i n g  of s u p e r s o n i c  j e t s  h a s  b e e n  t r e a t e d  
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i n  v a r i o u s  ways as t h e  s u b j e c t  o f  s e v e r a l  s e p a r a t e  s t u d i e s .  

L ibby  (Ref .  1) a n a l y z e d  t h e  mixing  f l o w  f i e l d  for s u p e r s o n i c  

combus t ion  s t u d i e s  which assumed e q u i l i b r i u m  c h e m i s t r y .  An 

a n a l y s i s  was made by V a s i l i u  (Ref. 2 )  o f  t h e  m i x i n g  of a 

r o c k e t  e x h a u s t  j e t  and  a s u p e r s o n i c  a i r  stream a s s u m i n g  non- 

e q u i l i b r i u m  c h e m i s t r y .  Emmons ( R e f .  3 )  t r e a t e d  b o t h  t h e  

e q u i l i b r i u m  and f r o z e n  c a s e  i n  s u p e r s o n i c  flow. A s o l u t i o n  

u s i n g  t h e  flame f r o n t  p r i n c i p l e  i n  p l a c e  of e q u i l i b r i u m  

c h e m i s t r y  was f o r m u l a t e d  by Rozsa (Ref .  4). 

Heat Techno logy  L a b o r a t o r y  i s  p r e s e n t l y  d e v e l o p i n g  

a c o m p u t e r  program t o  c a l c u l a t e  m i x i n g  and  combus t ion  

charac te r i s t ics  o f  a c o a x i a l  r o c k e t  e x h a u s t  j e t .  T h i s  j e t  

i s  assumed to be composed o f  f u e l  r i c h  t u r b i n e  g a s e s  e x h a u s t i n g  

p e r i p h e r a l l y  a b o u t  t h e  h o t  rocke t  e x h a u s t  g a s e s  a n d  s u r r o u n d e d  

by a n  e x t e r n a l  a i r  stream. T h i s  c o m p u t e r  program w i l l  assume 

a x i a l  symmetry of t h e  t h r e e  c o a x i a l  g a s  streams and  w i l l  p r o v i d e  

f o r  a n  a r b i t r a r y  rad ia l  d i s t r i b u t i o n  of i n i t i a l  v e l o c i t i e s  

a n d  s p e c i e s  mass f r a c t i o n s  a t  t h e  n o z z l e  e x i t  p l a n e .  The 

a n a l y t i c a l  method,  which i s  p r e s e n t l y  b e i n g  programmed for 

a c o m p u t e r  i s  d e s c r i b e d  i n  t h i s  r e p o r t .  

- 2 -  



LIST OF SYMBOLS 

ai 

Ck 
q 

cP 

F 

H 

h 

h '  

Ah 

I 

k 

9 9 0  

0 

KC 

Kn r 
e 

L e  

M 

n 

P 

P 

P r  

Thermodynamics c o n s t a n t s  

Mass f r a c t i o n s  of t h e  k t h  e l e m e n t  

S p e c i f i c  h e a t ,  ca l /g°K 

Mass f r a c t i o n s  of t h e  q t h  s p e c i e s  

C o e f f i c i e n t  of e f f e c t i v e  d i f f u s i o n ,  cm2/sec 

Symbol ic  of a g e n e r a l  f u n c t i o n  

A r b i t r a r y  f u n c t i o n  r e p r e s e n t i n g  i n i t i a l  p r o f i l e s  

T o t a l  e n t h a l p y ,  c a l / g  

S t a t i c  e n t h a l p y  ( i n t e r m e d i a t e  v a l u e  d e f i n e d  by Eq. ( 9 1 1 ,  
c a l / g  

S t a t i c  e n t h a l p y  ( d e f i n e d  by Eq. (lo)), c a l / g  

Heat of f o r m a t i o n  o f  s p e c i e s  q a t  T o ,  c a l / g  

Modi f i ed  Bessel f u n c t i o n  

I n d e x  

E q u i l i b r i u m  c o n s t a n t  i n  terms of c o n c e n t r a t i o n s  

L e w i s  number, p D e f f  c ~ / K ,  d i m e n s i o n l e s s  

M o l e c u l a r  w e i g h t ,  g/mole 

Number of s p e c i e s  w i t h i n  a p a r t i c u l a r  r e a c t i o n  

P f u n c t i o n ,  Eq. (15) 

P r e s s u r e ,  dyne/cm2 

P r a n d t l  number,  cp P / K ,  d i m e n s i o n l e s s  

Q I n d e x  
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X 

Z 

E 

K 

U n i v e r s a l  gas c o n s t a n t  

R a d i u s ,  c m  

Maximum number of s p e c i e s  

T e m p e r a t u r e ,  O K  

V e l o c i t y  i n  t h e  x d i r e c t i o n ,  cm/sec 

V e l o c i t y  i n  t h e  r d i r e c t i o n ,  cm/sec 

Mass r a t e  of r e a c t i o n ,  g / s e c  c m  3 

we 
D i s t a n c e  i n  a x i a l  d i r e c t i o n ,  c m  

S t o i c h i o m e t r i c  c o e f f i c i e n t  of t h e  q t h  s p e c i e s  i n  
t h e  a t h  r e a c t i o n ,  r e a c t a n t s  and  p r o d u c t s  r e s p e c t i v e l y  

C o e f f i c i e n t  of eddy v i s c o s i t y ,  g/cm sec 

Thermal  c o n d u c t i v i t y ,  c a l / s ec  c m  O K  

Dynamic v i s c o s i t y ,  g/cm sec 

T r a n s f o r m a t i o n  v a r i a b l e  d e f i n e d  by Eq. (16) 

D e n s i t y ,  g/cm3 

D i m e n s i o n l e s s  s t r e a m  f u n c t i o n  d e f i n e d  by E q .  ( 4 )  

S u b s c r i p t s :  

e I n d i c a t e s  e x t e r n a l  c o n d i t i o n s  

ef f I n d i c a t e s  e f f e c t i v e  q u a n t i t y  

i I n d e x  

j I n d i c a t e s  j e t  c o n d i t i o n s  

k I n d e x  

a I n d e x  

max Maximum 

min Minimum 

9 I n d e x  
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t Indicates turbulent conditions 

Superscripts: 

* Dimensionless quantity 
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DISCUSSION 

M a t h e m a t i c a l  Model 

A s k e t c h  of t h e  m a t h e m a t i c a l  model  of t h e  r o c k e t  

e x h a u s t ,  t u r b i n e  e x h a u s t ,  and  t h e  s u r r o u n d i n g  a i r  stream 

i s  shown as fo l lows :  

Mixing  r e g i o n  be tween  
t u r b i n e  e x h a u s t  and  
a i r  stream. 

Mixing r e g i o n  be tween 
t u r b i n e  e x h a u s t  a n d  
n o z z l e  e x h a u s t .  

Mixing r e g i o n  i n v o l v i n g  
t u r b i n e  e x h a u s t ,  n o z z l e  
e x h a u s t , a n d  a i r  stream. 

El 

--\ 
- 

Rocket  E x h a u s t  
C e n t e r  L i n e  Zone 1 I Zone 2 

I 

The c a l c u l a t i o n  .of t h e  m i x i n g  and  comhus t inn  characteristics 

o f  t h e  f l o w  model i n v o l v e s  two z o n e s  which  are  t r e a t e d  s e p a r -  

a t e l y .  I n  zone  1, m i x i n g  o c c u r s :  (1) be tween  t h e  t u r b i n e  

e x h a u s t  and  t h e  n o z z l e  e x h a u s t  and ( 2 )  be tween  t h e  t u r b i n e  

e x h a u s t  and  t h e  a i r  stream. These two m i x i n g  p r o c e s s e s  are  

t r ea t ed  i n d e p e n d e n t l y  w i t h o u t  m u t u a l  i n t e r a c t i o n .  The two 

m i x i n g  p r o c e s s e s  o v e r l a p  a t  t h e  i n t e r f a c e  be tween zones  1 

and  2 ,  a f t e r  which  t h e  m i x i n g  p r o c e s s  i n v o l v e s  a l l  t h r e e  g a s  

streams. C a l c u l a t i o n  of t h e  two m i x i n g  cases i n  zone 1 

- 6 -  



p r o v i d e s  p r o f i l e s  o f  v e l o c i t y  and  mass f r a c t i o n s  a t  t h e  i n t e r -  

face be tween z o n e s  1 and  2 .  These  p r o f i l e s  a r e  t h e n  u s e d  as 

i n i t i a l  c o n d i t i o n s  f o r  mix ing  c a l c u l a t i o n s  o f  a l l  t h r e e  g a s  

streams i n  zone  2 .  

Flow F i e l d  E q u a t i o n s  

The flow f i e l d  e q u a t i o n s  f o r  a x i s y m m e t r i c  t u r b u l e n t  

j e t  m i x i n g  w i t h  chemical r e a c t i o n s  a re  d e r i v e d  i n  Appendix 

I a n d  are g i v e n  as f o l l o w s :  

where  t h e  d i m e n s i o n l e s s  stream f u n c t i o n  $ i s  d e f i n e d  by 

- 7 -  



t 

j 
U 

j 
U 

j 
r 

j 
r 

p . U . r  
I I ~  

Also,  X and  r a re  t h e  a x i a l  and r a d i a l  d i s t a n c e s  r e s p e c t i v e l y ;  

U and  V are t n e  v e l o c i t y  components i n  t h e  a x i a l  and  r a d i a l  

d i r e c t i o n s  r e s p e c t i v e l y ;  E i s  t h e  c o e f f i c i e n t  of eddy v i s c o s i t y ;  

H i s  t h e  t o t a l  e n t h a l p y ;  c i s  t h e  mass f r a c t i o n  of t h e  q t h  

s p e c i e s ;  p is t h e  d e n s i t y ;  W i s  t h e  mass r a t e  of r e a c t i o n  9 
p e r  u n i t  volume of t h e  q t h  s p e c i e s ;  a n d  t h e  s u b s c r i p t s  j 

and  e r e f e r  t o  t h e  rocket  e x h a u s t  j e t  e x i t  c o n d i t i o n s  and  t h e  

- 
9 

e x t e r n a l  f ree  stream c o n d i t i o n s  r e s p e c t i v e l y .  

I n  a d d i t i o n  t o  t h e  above e q u a t i o n s ,  t h e  f o l l o w i n g  

e q u a t i o n s  which g o v e r n  t h e  r e a c t i o n s  of t h e  v a r i o u s  chemical 

species are  r e q u i r e d .  

S t o i c h i o m e t r i c  Res t ra in ts .  - The f a c t  t h a t  t h e  mass 

r a t e  of c h a n g e  of any  of  t h e  e l e m e n t s  i s  z e r o  i s  e x p r e s s e d  

by e q u a t i o n s  of t h e  f o l l o w i n g  form: 

= o  

k = c o n s t a n t  
q = 1  ! L = l  

(5) 

where  wk i s  t h e  mass r a t e  o f  change p e r  u n i t  volume of t h e  

k t h  e lement ,Mk and  M are  t h e  atomic we igh t  of t h e  e l e m e n t  qk 

- a -  



k and  t h e  m o l e c u l a r  w e i g h t ,  r e s p e c t i v e l y ,  of t h e  q t h  s p e c i e s  

are t h e  s t o i c h i o m e t r i c  c o n t a i n i n g  e l e m e n t  k; a"  aqk and a '  

c o e f f i c i e n t s  f o r  t h e  1 t h  r e a c t i o n  and t h e  q t h  s p e c i e s  c o n -  
Qk 

t a i n i n g  t h e  k t h  e l e m e n t  o f  t h e  p r o d u c t s  a n d  r e a c t a n t s  r e s p e c t i v e l y ;  

'kqk 

s p e c i e s  c o n t a i n i n g  t h e  k t h  e l e m e n t  f o r  t h e  II t h  r e a c t i o n ;  

r is  t h e  t o t a l  number o f  r e a c t i o n s ;  a n d  s i s  t h e  t o t a l  number 

i s  t h e  mass r a t e  o f  change  p e r  u n i t  volume of t h e  q t h  

o f  s p e c i e s .  

The mass f r a c t i o n  o f  t h e  k t h  e l e m e n t ,  Ck, i s  e x p r e s s e d  

F o r  one  S t e p  r e a c t i o n s  i n v o l v i n g  s s p e c i e s  w i t h  r 

r e a c t i o n s ,  t h e r e  are  s - r e l e m e n t s  i n v o l v e d  (Ref.  5). T h e r e  

a r e ,  t h e r e f o r e ,  s - r r e l a t i o n s h i p s  f o r  t h e  mass f r a c t i o n s  o f  

t h e  e l e m e n t s .  

E q u i l i b r i u m  R e l a t i o n s .  - The a s s u m p t i o n  of c h e m i c a l  

e q u i l i b r i u m  p r o v i d e s  a d d i t i o n a l  r e s t r a i n t s  d e s c r i b e d  by t h e  

e q u i l i b r i u m  r e l a t i o n s  f o r  t h e  c h e m i c a l  r e a c t i o n s .  The e q u i l i -  

b r i u m  e q u a t i o n s  are of t h e  form (Ref. 6 )  

- 9 -  



I -  

, 

where Kc 

c i s  t h e  unknown mass f r a c t i o n  of t h e  q t h  s p e c i e s  i n  t h e  

II t h  r e a c t i o n ,  ar t  a n d  a '  are  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t s  

of t h e  p r o d u c t s  a n d  r e a c t a n t s  f o r  t h e  q t h  s p e c i e s  i n  t h e  

9. t h  r e a c t i o n ,  a n d  P i s  t h e  d e n s i t y .  The e q u i l i b r i u m  c o n s t a n t  

Kc i s  a f u n c t i o n  of T o n l y  s i n c e  i n  t h i s  case no p r e s s u r e  

g r a d i e n t  e x i s t s .  The e q u i l i b r i u m  r e l a t i o n s  p r o v i d e  r e q u a t i o n s  

b u t  i n t r o d u c e  t h e  d e n s i t y ,  p ,  a n d  t h e  t e m p e r a t u r e ,  T ,  as 

unknowns. Combined w i t h  t h e  s - r s t o i c h i o m e t r i c  r e l a t i o n -  

s h i p s  t h e r e  are  now ( s  - r )  + r = s e q u a t i o n s  and  s + 2 unknowns. 

i s  t h e  e q u i l i b r i u m  c o n s t a n t  f o r  t h e  II t h  r e a c t i o n ,  
II 

qg 

qa. Q E  

II 

E q u a t i o n  of S t a t e .  -- - The r e l a t i o n s h i p  be tween t h e  

d e n s i t y  a n d  t h e  unknown mass f r a c t i o n s  from t h e  e q u a t i o n  o f  

s t a t e  i s  - 
S C 

- P =...i T (A ; )j 

T S C 
'j 

f o r  a c o n s t a n t  p r e s s u r e  case. T h i s  p r o v i d e s  a s e t  of s + 1 

e q u a t i o n s  w i t h  s + 2 unknowns. 

S t a t i c  E n t h a l p y .  - The s t a t i c  e n t h a l p y  r e l a t i o n s  w i l l  

c o m p l e t e  t h e  n e c e s s a r y  s e t  of e q u a t i o n s  t o  s o l v e  f o r  t h e  

unknown s p e c i e s  mass f r a c t i o n s ,  d e n s i t y ,  a n d  t e m p e r a t u r e .  The 

-10- 



t 

s t a t i c  e n t h a l p y ,  h ,  i n  terms o f  s p e c i e s  mass f r a c t i o n s  i s  

- S * hCl,o ( 9 )  - /cTPq dT + C Q 

S 

q = l  Q 
h =  C c 

q = l  

T O  

where Ah i s  t h e  h e a t  of f o r m a t i o n  o f  t h e  q t h  s p e c i e s  a t  

t h e  r e f e r e n c e  t e m p e r a t u r e  To and  t h e  s t a t i c  e n t h a l p y  h becomes 

a n  a d d i t i o n a l  unknown. 

9 9 0  

A n o t h e r  e q u a t i o n  f o r  s t a t i c  e n t h a l p y ,  h ' ,  may be o b t a i n e d  

t h r o u g h  c o n s i d e r a t i o n  o f  t h e  t o t a l  e n t h a l p y  H d e f i n e d  by 

I n  Eq. ( 9 1 ,  h r e p r e s e n t s  a n  i n t e r m e d i a t e  v a l u e  o b t a i n e d  

i t e r a t i v e l y .  I t  i s  d e p e n d e n t  upon t e m p e r a t u r e  and  s p e c i e s  

mass f r a c t i o n s  a n d  i s  compared w i t h  t h e  v a l u e  h '  o b t a i n e d  

from E q .  (10) as a d e t e r m i n a t i o n  of t h e  a c c u r a c y  of t h e  

i t e r a t i o n .  

With E q s .  ( 9 )  and  (10) a set n f  + 3 necec ;sary  aquatinns 

are  s u f f i c i e n t  t o  s o l v e  f o r  t h e  s + 3 unknowns when h = h ' .  

S o l u t i o n  of E q u a t i o n s  

E q u a t i o n s  (1) and  ( 2 )  have  t h e  fo rm of t h e  c l a s s i ca l  

d i f f u s i o n  o r  hea t  c o n d u c t i o n  e q u a t i o n  which f o r  t h i s  case 

h a s  t h e  f o l l o w i n g  s o l u t i o n s  (Ref. 7 ) :  

-11- 



a n d  

€3 = I!e [1 - P i l  - z)] (12 1 

The P r e p r e s e n t s  t h e  P f u n c t i o n  d e s c r i b e d  i n  Carslaw a n d  

JaeRer (Ref .  8 )  as:  

Io($Z/2C) f (Z)ZdZ 

(13) 

J [ ( + o j ) 2  + z2 
P = (4J j /2E)  exij - i, . \ 1 4 c / ~ l j  

where  I, ( $ Z / 2 C )  i s  t h e  m o d i f i e d  Bessel f u n c t i o n  d e f i n e d  by:  

I0($Z/2E) = 1 + t + . . .  
22 2 2 4 2  

The v a r i a b l e  of i n t e g r a t i o n  Z i s  d e f i n e d  b y :  

(14) 

where +e i s  t h e  stream f u n c t i o n  d e f i n i n , g  t h e  edp;e o f  t h e  j e t  

mixing r e c i o n  and  c o r r e s p o n d i n g  t o  f ree  stream c o n d i t i o n s .  

The t r a n s f o r m a t i o n  v a r i a b l e  5 is d e f i n e d  b y :  

x ?t 

5 =  [ E "  dx* (16) 

0 

E q u a t i o n  ( 3 )  may 3e p l a c e d  i n  t h e  same form as E q s .  

(1) a n d  (2) t h r o u g h  u s e  o f  t h e  c h e m i c a l  r e a c t i o n  e q u a t i o n s .  

T h i s  i s  a c c o m p l i s h e d  by a p r o c e d u r e  o u t l i n e d  by Rozsa i n  

Kef. 4 and  d e s c r i b e d  i n  t h e  fo l lowin ,g  p a r a g r a p h s .  

-12- 



a '  
M u l t i p l i c a t i o n  of Eq. ( 3 )  by t h e  c o n s t a n t  

g i v e s  

w 7 a ' l lqk Mk + p.U.p*U* [ a i ' k q k  M,,J 

J J  

Summing s - r of t h e  m o d i f i e d  s p e c i e s  c o n t i n u i t y  

e q u a t i o n s  (Eq.  (1711, t h e  f o l l o w i n g  e q u a t i o n  is o b t a i n e d .  

s r  zz a 

q = 1  a = 1  s r q = l  l l = l  

q = 1  a = 1  
The summation s i g n s  may be moved inside t n e  

M c  
Eqk k q 

a' 

(a" llqk M Rqk ) 
a $  

(18) 

p a r t i a l  

d e r i v a t i v e s  f o r  a c o n t i n u o u s  f u n c t i o n  g i v i n g  

r 

p.U.p*LJ* 
+ j  

q = l  l l = l  
1 3  

a l ~ q k  Mk 

a 'I M Rqk llqk 
(19) 

- 1 3 -  



I '  

S u b s t i t u t i n g  v a l u e s  from E q .  ( 5 )  and  ( 6 )  i n t o  E q .  ( 1 9 1 ,  t h e  

f o r m  of t h e  e q u a t i o n  becomes 

a c k  
J , -  

a $  
j r 

+ 
p . U . p * U *  

3 3  

But Wk = o ( E q .  ( 5 ) ) , s o  Eq. ( 2 0 )  r e d u c e s  t o  

I 

'k 

( 2 1 )  

wh ich  is of t h e  same form a s  E q s .  (1) and  ( 2 )  and  h a s  t h e  

s o l u t i o n :  

( 2 2 )  

T h i s  r e s u l t  g i v e s  t h e  c h e m i c a l  mass f r a c t i o n s  i n  terms of  

t h e  e l e m e n t s  r a t h e r  t h a n  t h e  s p e c i e s .  I t  i s  n e c e s s a r y ,  

t h e r e f o r e ,  t o  o b t a i n  t h e  s p e c i e s  mass f r a c t i o n s  by r e l a t i n g  

t h e s e  r e s u l t s  t o  t h e  s p e c i e s  mass f r a c t i o n  as d e t e r m i n e d  by 

E q .  ( 6 ) .  

T h e r e  a r e  s - r e q u a t i o n s  of ck r e l a t i n g  t h e  s unknown 

s p e c i e s  mass f r a c t i o n s .  From E q .  ( 7 1 ,  r more e q u a t i o n s  c a n  

be o b t a i n e d  b u t  t h e  unknowns have i n c r e a s e d  t o  s + 2 .  I n t r o -  

d u c t i o n  of E q .  ( 8 )  p r o v i d e s  s + 1 e q u a t i o n s  r e l a t i n g  t h e  

s + 2 unknowns. With E q .  (9) a s e t  of  s + 2 e q u a t i o n s  i s  

e v o l v e d  w i t h  s + 3 unknowns. F i n a l l y ,  Eq. ( 1 0 )  may be u s e d  

-14- 



I 

t o  p r o v i d e  a s u f f i c i e n t  s e t  o f  s + 3 e q u a t i o n s  i n v o l v i n g  

s + 3 unknowns. 

An example of t h e  s o l u t i o n  of t h e  chemical e q u a t i o n s  

i s  i n c l u d e d  t o  i l l u s t r a t e  t h e  c a l c u l a t i o n  p r o c e d u r e .  A 

s y s t e m  i s  assumed t o  c o n t a i n  t h e  f o l l o w i n g  s p e c i e s :  

H 2 ,  H 2 0 ,  C ,  a n d  C 0 2 .  

0 2 ,  

T h i s  i n c l u d e s  t h e  e l e m e n t s  0 ,  H ,  and  C. 

The r e a c t i o n s  i n v o l v e d  a re  

2 H 2  + 02 + 2 I I 2 O  ( 2 3 )  

and 

c + 02 -* C O 2  ( 2 4 )  

I n  t h i s  example  t h e  number o f  s p e c i e s  s i s  5 ,  t h e  number of 

r e a c t i o n s  r i s  2 ,  and  t h e  number of e l e m e n t s  k i s  3 .  

From t h e  above  r e a c t i o n s ,  t h e  e l e m e n t a l  mass f r a c t i o n s  

c a n  be o b t a i n e d  u s i n g  E q .  ( 6 ) .  

R e f e r e n c e  v a l u e s  for t h e  e l e m e n t a l  mass f r a c t i o n s  C k  a n d  

ck 
e x t e r n a l  flow r e s p e c t i v e l y .  

j 
are d e f i n e d  as v a l u e s  of ck a t  t h e  j e t  e x i t  and  i n  t h e  

e 

-15- 
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I 

Values  f o r  ck c a n  be o b t a i n e d  from E q .  (22). T h e s e  

Ck v a l u e s  c a n  be e x p r e s s e d  n u m e r i c a l l y  i n  terms of t h e  

p r e v i o u s l y  d e t e r m i n e d  v e l o c i t y  r a t i o s  by s o l v i n g  f o r  P from 

E q .  (11) and s u b s t i t u t i n g  it i n  E q .  (22): 

(28) 

F o r  t h e  case b e i n g  t r ea t ed  he re  E q .  ( 2 8 )  becomes 

(29) = C H  

o r  i n  expanded form 

- - - 1 - 
‘H20 I = H Z  9 

+ -  

1 - u+ - 1 
‘H70 

e 

a l s o  

1 - U* 

(T3) ue 
(31) 

- 1 6 -  



or i n  exDanded form 

- 8 

11 

- 8 - c + -  - 8 - 8 - 
cco2 + -  

'H20 co* 9 11 C c o 2  - (-02 9 
+ -  

+ 

A l s o  

e 
cc = cc 

U* - -  'j 

e U 

1 - -  
U 

e 

o r  i n  expanded form 

- - - 3 

11 - 
- 
c c  + - C C 0 2  

U 
( u a  - 2  

\ U 
e 

+ C 
p :  

.I 

t 

1 
1 - u * (  

1 - -  u j  I 
"e ' 

cco, 
L /  

c ii c + -  3 -  I - 

(33) 

1 - U* 

j I 1 - -  j 
.. 
U 

1 ue 

T h i s  p r o v i d e s  3 e q u a t i o n s  (Eqs. ( 3 0 1 ,  ( 3 2 1 ,  and  ( 3 4 )  i n  terms 
- - - .- 

of t h e  5 unknown s p e c i e  mass f r a c t i o n s ,  c f l2)  c~~~~~ cO2, c c 3  a n d  
- 
C e o * -  

- 17- 



Two a d d i t i o n a l  e q u a t i o n s  a r e  w r i t t e n  u s i n g  Eq. ( 7 )  

( f o r  which  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t s  a r e  o b t a i n e d  from 

Eqs .  ( 2 3 )  and  (24)): 

T h e r e  a r e  now 5 e q u a t i o n s  i n v o l v i n g  t h e  5 unknown s p e c i e s  

mass f r a c t i o n s ,  b u t  t w o  e x t r a  unknowns, d e n s i t y  and  t h e  temp- 

e r a tu re  d e p e n d e n t  Kc ¶ h a v e  been added .  
e 

A d e n s i t y  r e l a t i o n s h i p  from Eq. ( 8 )  i s  

T h i s  p r o v i d e s  6 e q u a t i o n s  i n v o l v i n g  7 unknowns. 

An i t e r a t i o n  p r o c e d u r e  u s i n g  T as  t h e  i t e r a t i v e  p a r a -  

meter  u s i n g  Eqs .  ( 3 0 1 ,  ( 3 2 1 ,  ( 3 4 1 ,  (351, (36) and  ( 3 7 )  i s  

a p p l i e d .  E q u a t i o n s  ( 9 )  and  (10) are used  t o  check  t h e  cor -  

r e c t n e s s  of t h e  assumed t e m p e r a t u r e  v a l u e s .  Tnese become 

-18- 



and 

T T 

0 To 0 

h = [Eij2 [cPH2 dT + co 2 f dT + H 2 °  / T C P H 2 0  dT + 

T 

1 - 
CCO, 2 

O 2  AhO2,0 + E  H 2 0  AhH20,0 + FC AhC,o 

where T i s  t h e  t e m p e r a t u r e  assumed and  u s e d  t o  s o l v e  f o r  t h e  

unknown mass f r a c t i o n s ;  U* and H a r e  p r e v i o u s l y  d e t e r m i n e d  

from E q s .  (11) and ( 1 2 ) ;  and Ue i s  t h e  v e l o c i t y  of t h e  e x t e r n a l  

a i r .  Whenever t h e  s t a t i c  e n t h a l p y  v a l u e s  a g r e e ,  t h a t  i s  

Ih - h ’ l  < maximum allowable e r r o r  ( 4 0 )  

t h e  assumed T v a l u e  i s  t a k e n  a s  c o r r e c t  and t h e  i t e r a t i o n  

T r a n s f o r m a t i o n s .  - The f o r e g o i n g  c a l c u l a t i o n  p r o c e d u r e  

p r o v i d e s  a s o l u t i o n  i n  terms o f  t h e  t r a n s f o r m a t i o n  v a r i a b l e s  

E and  $.  A t r a n s f o r m a t i o n  of t h e s e  v a r i a b l e s  must  be made 

t o  o b t a i n  t h e  s o l u t i o n  i n  terms of t h e  p h y s i c a l  c o o r d i n a t e s  

Y and  r. 

-19- 



The p h y s i c a l  c o o r d i n a t e  x i s  formed i n  terms of t h e  

t r a n s f o r m a t i o n  v a r i a b l e  5 by i n t e g r a t i n g  E q .  ( 1 6 ) .  I n  o r d e r  

t o  p e r f o r m  t h i s  i n t e g r a t i o n ,  it i s  n e c e s s a r y  t o  r e l a t e  t h e  

c o e f f i c i e n t  of eddy v i s c o s i t y  E t o  t h e  x c o o r d i n a t e .  A s  y e t  

t h e r e  i s  n o  c o m p l e t e  ag reemen t  among i n v e s t i p a t o r s  r e g a r d i n g  

t h i s  r e l a t i o n s h i p ;  however ,  t h i s  a n a l y s i s  employs t h e  fol- 

l owing  r e l a t i o n  s u g g e s t e d  by K l e i n s t e i n  ( R e f .  7) and u s e d  by 

Rozsa (Ref .  4 ) :  

T h i s  r e l a t i o n  i s  a p p l i c a b l e  i n  a r e g i o n  where t h e  m i x i n g  l a y e r  

h a s  n o t  s p r e a d  across t h e  e n t i r e  j e t  plume.  Us ing  t h e  r e l a t i o n  

of E q .  (411, E q .  (16) may be  i n t e g r a t e d  t o  y i e l d :  

The p h y s i c a l  c o o r d i n a t e  r i s  found i n  terms of t h e  

t r a n s f o r m a t i o n  v a r i a b l e  JI by i n t e g r a t i n g  Eq .  ( 4 ) .  T h i s  r e s u l t s  

i n  t h e  fo l lowing ,  r e l a t i o n s h i p :  

Development of Computer Program 

A compute r  program i s  b e i n g  c o n s t r u c t e d  t o  s o l v e  

s e p a r a t e l y  t h e  case for mixing  of t u r b i n e  e x h a u s t  and e x t e r n a l  

- 2 0 -  



a i r  and t h e  case for m i x i n g  of t u r b i n e  e x h a u s t  and  r o c k e t  

e x h a u s t  g a s e s .  The r e s u l t s  o f  t h e s e  two cases w i l l  be used  

t o  t r e a t  t h e  combined mix ing  of e x t e r n a l  a i r ,  t u r b i n e  e x h a u s t ,  

and  r o c k e t  e x h a u s t .  A s i m p l i f i e d  f low d i a g r a m  of t h e  proEram 

i s  g i v e n  i n  Appendix 11. Upon c o m p l e t i o n  of t h i s  program,  

compute r  r u n s  w i l l  be made for cases a p p r o x i m a t i n g  t h e  a f t e r -  

b u r n i n g  of H - 1  e n g i n e  flows a t  low a l t i t u d e s .  The o u t p u t  

w i l l  be p r o f i l e s  for t h e  v e l o c i t y ,  t e m p e r a t u r e ,  and s p e c i e s  

mass f r a c t i o n s  p l o t t e d  as  a f u n c t i o n  of p o s i t i o n .  Comparisons 

of t h e  r e s u l t s  of t h i s  s t u d y  w i l l  be  made w i t h  a l l  a v a i l a b l e  

da ta  from a f t e r b u r n i n g  of t u r b i n e  e x h a u s t s .  

C 0 NC LU S IONS 

T h i s  s t u d y  i s  a n  e x t e n s i o n  of f r ee  j e t  mix ing  a n a l y s e s  

t h a t  u s e  t h e  P f u n c t i o n  s o l u t i o n .  P r e v i o u s  s t u d i e s  r e p o r t e d  

i n  t h e  l i t e r a t u r e  h a v e  a p p l i e d  t h e  P f u n c t i o n  s o l u t i o n  t o  t w o  

c o a x i a l ,  a x i s y m m e t r i c  j e t  streams w i t h  u n i f o r m  i n i t i a l  c o n d i t i o n s .  

A s  a r e s u l t  of t h i s  s t u d y ,  t h e  P f u n c t i o n  h a s  b e e n  m o d i f i e d  

t o  a l low a r b i t r a r y  i n i t i a l  p r o f i l e s  which makes it a p p l i c a b l e  

f o r  u s e  w i t h i n  i n t e r s e c t i n g  mixing  r e g i o n s .  

t h e  m o d i f i e d  P f u n c t i o n  i s  a p p l i e d  t o  t h e  t u r b u l e n t  mix ing  of 

t h r e e  c o a x i a l ,  a x i s y m m e t r i c  j e t s  of r e a c t i v e  gases.  A computer  

p rogram p r e s e n t l y  u n d e r  deve lopment  w i l l  p r o v i d e  p r o f i l e s  f o r  

t h e  v e l o c i t y ,  t e m p e r a t u r e ,  and s p e c i e s  mass f r a c t i o n s  as a 

f u n c t i o n  of p o s i t i o n .  The program w i l l  u s e  t h e  mod i f i ed  P 

A s  r e p o r t e d  h e r e ,  

-21- 



function such that both uniform and non-uniform initial condi- 

t i o n s  may be introduced. 

i 
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APPENDIX I 

SIMPLIFICATION OF FLOW EQUATIONS 

The flow e q u a t i o n s  d e s c r i b i n g  t u r b u l e n t  m i x i n g  of 

r e a c t i n g  gases may b e  s i m p l i f i e d  by t h e  p r o c e d u r e  o u t l i n e d  

below. 

Flow E q u a t i o n s  

The f o l l o w i n g  flow e q u a t i o n s  (Ref .  9 )  desc r ibe  s t e a d y ,  

t u r b u l e n t ,  a x i s y m m e t r i c ,  r e a c t i n g  g a s  f l o w :  

C o n s e r v a t i o n  of Mass 

a ( p U r )  a ( p V r )  

ax a r  
= o  t 

C o n s e r v a t i o n  of Momentum 

t u  t E ) r  '1 
ax ar ax r ar a r  

au  a u  - p u - +  p v - -  - - + -  - 

-23- 
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C o n s e r v a t i o n  of Energy 

a H  a H  1 a P E a H  
p u  -+ p v  - - - -  -([.-'-,I F)+ 

ax a r  r ar 

aE n 
E (Let - l)] r x h q  2). 

( L e  - 1) + - 
Prt q = 1  

r ar 

C o n s e r v a t i o n  of S p e c i e s  

The a b o v e  e q u a t i o n s  may be s i m p l i f i e d  t h r o u g h  t h e  u s e  of a 

i i u m b z r  c;f assumptions: the d y n a m i c  v i s c o s i t y  1.1 i s  n e g l i g i b l e  

compared t o  t h e  eddy v i s c o s i t y  E ;  and t h e  t u r b u l e n t  L e w i s  

a n d  P r a n d t l  numbers Let  and P r t  a re  u n i t y  w i t h  t h e  r e s u l t  

t h a t  t h e  p r o d u c t  p D e f f , t  i s  e q u a l  t o  t h e  eddy v i s c o s i t y  E .  

E q s .  (1-1-4) are  t h e r e f o r e  s i m p l i f i e d  t o  

C o n s e r v a t i o n  of Mass 

-24- 
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C o n s e r v a t i o n  o f  Momen turn 

au au ap 1 a 
pu -t p V - =  --t - -  

ax ar ax r a r  ( er :) 
C o n s e r v a t i o n  o f  Enerrrv 

C o n s e r v a t i o n  o f  S p e c i e s  

( 1 - 6 )  

The above  E q s .  (1-5-8) may be  r e d u c e d  t o  t h e  form o f  E q s .  (1-3) 

i n  t h e  t e x t  by t h e  i n t r o d u c t i o n  of t h e  von Mises  t r a n s f o r m a t i o n  

(Ref.  1 0 )  d e f i n e d  by Eq. (4) and t h e  i n t r o d u c t i o n  o f  t h e  non- 

d i m e n s i o n a l  p a r a m e t e r s  d e n o t e d  by a s t e r i s k s .  



APPENDIX I1 

EQUATIONS FOR JET MIXING PROGRAM 

An o u t l i n e  of t h e  i n p u t  r e q u i r e d  f o r  t h e  j e t  m i x i n q  

c o m p u t e r  p rogram,  t h e  e q u a t i o n s  i n v o l v e d ,  and  t h e  r e s u l t a n t  

o u t p u t  i s  made h e r e .  A l l  o f  t h e  symbols are d e f i n e d  i n  t h e  

l i s t  of symbols. 

The following i n p u t  are r e q u i r e d :  ai R ,  U j ’  LJe ,  

- 1  
9 -  

He , I-I K a ’  a ” 911’ s y  Mqllk’  (‘q11k 1 e’ (‘qllk j’ cmax’ $max’ j’ pk’ q a ’  

pe ,  T e ,  To ,  r and  f ( Z ) .  
j’ 

Thermodynamic v a l u e s  f o r  c and  Ah are  i n i t i a l l y  
9 ¶ O  pq 

P =  

- - J,‘/J, j 
45 

e 

c a l c u l a t e d  from 

C = R (a, + a 2  T + a3 T 2 + a,, T3 + as T4) (11-1) 
pq q q (I Q Q 

and  

( 1 1 - 2 )  

F o r  g i v e n  6 and J ,  v a l u e s ,  Uf: is e v a l u a t e d  u s i n g  

f (Z)ZdZ 

J 
0 

( 1 1 - 3 )  
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t h e n  

a n d  

u = u* ue (11-5) 

The s t a t i c  e n t h a l p y  h '  ( c o n t r o l l e d  by d i f f u s i o n )  i s  

e v a l u a t e d  a s  follows: 

H =  

a n d  

h '  

The e q u i l i b r i u m  

d e t e r m i n e d  from 

(1 -pi 
2 1 

2 
= H --(2.3901 x l O - * ) ( U  1 

c o n s t a n t s  i n  terms of c o n c e n t r a t i o n s  are  

n 

(11-6) 

(11-7) 

T h e s e  e q u i l i b r i u m  c o n s t a n t s  are u s e d  t o  e s t a b l i s h  e q u i l i b r i u m  

r e l a t i o n s .  

n n 

i - 2 7 -  



The e l e m e n t a l  c o n t i n u i t y  e q u a t i o n s  a re  as fol lows:  

r S 

lIIk Mlllk - - a' 

'qllk - \-l ['ilk ' L' ""qllk M qllk 
q= 2 

S 

a;Lk Mlllk - 
C 

e ('lek + q = 2  1 a " q II kMq II k 

The d e n s i t y  i s  r e l a t e d  t o  t h e  unknown mass f r a c t i o n s  by 

- 

t p = -  P e T e  j,H, ) e 

I T s c  

I 

1 - -  
I 

' e  

S 
--- "'lek Mll lk  - ( 1 1 - 1 0 )  

+ ', 

' q t k )  (' - :i '1 
q= 2 1 - -  

j ue J k = c o n s t a n t  

(11-11) 

The s e t  of e q u a t i o n s ,  E q s .  (11-9-111,  p r o v i d e s  a g r o u p  

of s + 1 e q u a t i o n s  w i t h  s + 2 unknowns w h e r e  s i s  t h e  number 

o f  spec ie s .  A v a l u e  of T i s  assumed.  From E q .  (11-8) t h e  

e q u i l i b r i u m  c o n s t a n t s  Kc... a r e  e v a l u a t e d .  

f r a c t i o n s ,  c , are  t h e n  d e t e r m i n e d  a l o n g  w i t h  a d e n s i t y  p .  

T o  d e t e r m i n e  if  t h e  c h o i c e  of T was c o r r e c t ,  a n  a d d i t i o n a l  

The unknown mass 
II - 

9 

e n t h a l p y  e q u a t i o n  i s  i n t r o d u c e d .  

S f T  S - 
c d T + z  c Ah 

q q , o  q = 1  
h =  

q = 1  
(11-12) 
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Whenever Ih ’  - hl  i s  less  than  a s p e c i f i e d  maximum a l lowable  

e r r o r ,  t h e  5 v a l u e s  and t h e  P v a l u e s  a r e  t a k e n  as co r rec t .  

Then Jli i s  r e p l a c e d  by $ i+ l  w h i l e  S i  r e m a i n s  Ei u n t i l  a l l  

~li cases a re  e v a l u a t e d  f o r  a g i v e n  Ci. 

s i + l  
v a l u e s  f o r  a l l  t h e  Jli cases are r e p e a t e d .  

4 

I n  t h e  n e x t  s t e p  

r e p l a c e s  C i  and  c a l c u l a t i o n  f o r  t h e  v a l u e s  and p 

Values  of c , T ,  and U i n  terms of $I and 5 a r e  p r i n t e d  
4 

o u t  a t  t h i s  p o i n t .  

E v a l u a t i o n  of r* and XI i s  made by 

and 

r = r . r *  
2 

( 1 1 - 1 4 )  

(11-151 

and  

P r i n t  o u t  of  c , T ,  and U v a l u e s  i n  terms of F a n d ’ x  
9 

c o m p l e t e s  t h e  program.  

- 2 3 -  
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